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A quantum cosmology in teleparallel gravity is presented in this article. Teleparallel gravity is
used to perform such an analysis once in General Relativity (GR) the concept of gravitational energy
is misleading preventing the establishment of a concise quantum cosmology. The Wheeler-DeWitt
like equation is obtained using the Weyl quantization and the teleparallel expression of energy.
I. INTRODUCTION
The modern observational cosmology inaugurated at the Mount Wilson Observatory gave a great impetus to under-
standing the Universe [1]. The Standard Cosmological Model, alongside the Cosmological Principle and field equations
of GR, describes all knowledge about large structures with good approximation. The Hubble Law shows how fast
galaxies move away from each other at a relatively small distances. Thus it could be used to test new cosmological
theories. The Cosmological Principle states that the Universe is isotropic (above 100 Mpc) and homogeneous (there
is no center) in addition its dynamics is given by the Einstein field equations, Rµν − 12 gµνR = 8πTµν. In such a way
it is possible to trace a complete time evolution of the Universe. If the time is set backwards we see that everything
started in a warm and dense state with domination of the radiation energy. The metric that admits the Cosmological
Principle and the dynamics given by the GR is that of Friedman-Lemaˆıtre-Robertson-Walker (FLRW) [2–6]:
ds2 = −dt2 + a2(t)
[
dr2
1 − κr2 + r
2dΩ2
]
, dΩ2 ≡ dθ + sin2 θ dφ2 (1)
where k assumes values of −1 (negative or closed spatial curvature), 0 (null or flat spatial curvature) or +1 (positive
or open spatial curvature).
Due to the rapid improvement in observational cosmology a quantum theory of cosmology is increasingly needed in
order to describe new effects. Particularly quantum effects should be relevant at singular states as it is expected in
the beginning of the Universe. Such a theory should have an operator and time evolving structure. Since the seminal
paper of Rosenfeld in 1930 [7, 8], a lot of research has been done in this subject. It should be noticed that in order
to proper treat a quantum theory of gravitation it is necessary to apply any quantization procedure to a physical
quantity. On one hand the Hamiltonian is the most recognizable quantity with such a feature, on the other hand the
existence of a gravitational energy is perhaps one of the most controversial and oldest problems in General Relativity.
Thus a Hamiltonian formulation of GR was presented by Arnowitt, Deser and Misner in 1962 [9] and used by Wheeler
and DeWitt in 1967 to settle an Einstein-Schro¨dinger equation [10] which happened to be known as Wheeler-DeWitt
equation. Such an equation has been focus of extensive research in the last 50 years. However the so called problem
of time still persists [11] which prevents a dynamical interpretation of one possible solution.
In this article we address the problem of the establishment of a quantum theory of gravitation applied to cosmology
using teleparallel gravity and the Weyl quantization procedure. Such a procedure allows the mapping of any function
into a operator structure. Thus it is not necessary to write the functions in phase space which is the standard procedure
to quantize fields. The Weyl’s prescription only require two parameters. Teleparallel gravity is an alternative theory
of gravitation and entirely equivalent to General Relativity. Einstein was one of the first to use teleparallel gravity to
investigate a form to unify gravity and electromagnetism [12]. In 1961 Møller showed that it is impossible to cancel
the gravitational field by coordinate transformation, this means that the pseudo-tensor approach should be avoided.
Rescuing the initial idea of Einstein, Møller demonstrated that it was possible to obtain a gravitational energy density
[13]. In 1963 Pellegrini and Plebanski found a Lagrangian formulation of the teleparallel gravity based on Møller
[14]. Already in 1994 Maluf described the Hamiltonian formulation for Teleparallelism Equivalent to GR (TEGR)
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2[15]. Several applications of the TERG have been made as a description of the gravitational angular momentum [16],
neutron stars [17], quantum Schwarzschild spacetime [18], gravitational waves [19] among others.
This article is divided as follows: in section II we briefly recall the ideas of teleparallel gravity using natural unities
with c = G = 1. We show how to obtain the energy-momentum tensor of gravitational and matter fields. In section
III we present the Weyl quantization procedure and apply it to the total energy of FLRW metric. As a consequence
we establish two quantum cosmological equations. One quantizing the total energy density and the other using the
total energy itself which is function only of the scale factor and its derivative. Finally in the last section we present
our conclusions.
II. TELEPARALLELISM EQUIVALENT TO GENERAL RELATIVITY
Teleparallel Gravity is dynamically equivalent to GR since the Lagrangian density of both theories differ only by
a total divergence which means that the field equations are equivalent. Teleparallel gravity is constructed in terms
of the tetrad field, ea µ, which has two symmetries [15, 20, 21]. The latin indices (a = (0), (i)) represent the SO(3, 1)
group while the greek indices stand for diffeomorphisms. Thus the tetrad field projects one symmetry into another.
General Relativity is described in terms of the metric tensor that relates to tetrad field by gµν = e
a
µeaν.
Let’s consider a geometry endowed with two connections, one (ωµab) acting on Lorentz indices and another one
(Γλ µν) acting on transformations of coordinates. If we require that this space is metric compatible then ∇µeaν = 0. As
a consequence Γλ µν = e
aλeb νωµab + eaλ∂µeaν. The curvature of this connection is Rλ γµν(e, ω) = ea λeb γ(∂µωνab − ∂νωµab +
ωµacωνcb − ωνacωµcb) and the torsion associated to such a connection is
Tλ µν = Γ
λ
µν − Γλ νµ , (2)
which is explicitly given by
Ta µν(e, ω) = ∂µe
a
ν − ∂νea µ + ωµaν − ωνaµ . (3)
The connection ωµab is known as the spin connection since it is used to couple gravity to a fermion field [22]. It is
related to the Levi-Civita connection by means the mathematical identity
ωµab =
0ωµab + Kµab (4)
where 0ωµab = − 12 ec µ(Ωabc −Ωbac −Ωcab), with Ωabc = eaν(eb µ∂µec ν − ec µ∂µeb ν), is the Levi-Civita connection which is a
torsionless connection and Kµab = − 12 ea λeb ν(Tλµν + Tνλµ + Tµλν) is the contorsion tensor.
The so called teleparallel condition ωµab = 0 establishes a geometric gravitational theory with a vanishing curvature
and with the presence a torsion tensor. In other words the non-zero torsion is responsible for gravitational effects
[20]. The teleparallel condition allows one to relate the scalar curvature of the Levi-Civita connection to a scalar
constructed out of the torsion tensor. Such a relations reads
e R(e) ≡ − e
(
1
4
TabcTabc +
1
2
TabcTbac − Ta a
)
+ 2 ∂µ ( e T
µ ) (5)
where Ta a = T
b
b
a and
Ta µν(e) = ∂µe
a
ν − ∂νea µ . (6)
Hence the teleparallel Lagrangian density is written as
L(eaµ) = − k e
(
1
4
TabcTabc +
1
2
TabcTbac − TaTa
)
− LM , (7)
with k = 1
16π and LM is lagrangian density for matter fields. It should be noticed that the total divergence in (5)
was neglected since it gives no dynamical contributions. In addition one should take into account that the above
Lagrangian density is equivalent to the Hilbert-Einstein Lagrangian density. As a consequence GR is dynamically
equivalent to teleparallel gravity. Expression (7) can be rewritten as L(eaµ) = − k eΣabcTabc −LM where Σabc is defined
as [15]
Σ
abc
=
1
4
(
Tabc + Tbac − Tcab
)
+
1
2
(
ηacTb − ηabTb
)
. (8)
3The field equations are calculated from functional variation of the Lagrangian density L with respect to tetrads eaµ.
They read
∂λ(eΣ
aµλ) − e
(
Σ
bλµTbλ
a − 1
4
eaµTbcdΣ
bcd
)
=
1
4k
e Taµ . (9)
Due to the equivalence between teleparallel gravity and General Relativity the following important relationship is
established
∂λ(eΣ
aµλ) − e
(
Σ
bλµTbλ
a − 1
4
eaµTbcdΣ
bcd
)
=
1
2
e
[
Raµ(e) − 1
2
eaµR(e)
]
,
Raµ(e) − 1
2
eaµR(e) =
1
2 k
Taµ , (10)
where Taµ is the energy-momentum tensor of matter fields. Therefore the Riemann geometry which is set in terms of a
metric tensor and the curvature tensor is equivalent to the Weitzenbo¨ck geometry which is established in terms of the
tetrad field and the torsion in equation (6). On the other hand given a metric tensor there are infinite possible tetrads.
This apparent paradox is solved by considering the physical interpretation of the tetrad field. Once the zero component
of the tetrad field is always tangent along of a world line of an observer, it is interpreted as e(0)
µ
= uµ(τ) = dxµ/dτ.
Generalizing this idea the tetrad field can be established by the choice of the reference frame [20, 23].
Equation (9) can be expressed as
∂ν
(
eΣaλν
)
=
1
4
e ea µ(t
λ
µ + T
λµ) , (11)
where tλµ = k (4ΣbcλTbc
µ − gλµΣbcdTbcd) is interpreted as the momentum-energy tensor of the gravitational field. Since
the tensor Σaλν is antisymmetric in the last two indices, then ∂µ∂ν
(
eΣaλν
)
≡ 0. Thereby,
∂λ
[
e ea µ(t
λ
µ + T
λµ)
]
= 0 . (12)
In other words, this relation is a law of local conservation for the total energy-momentum tensor [20]. This equation
enables one to write the following continuing equation
d
dt
∫
V
d3 x e ea µ (t
0µ
+ T0µ) = −
∮
S
dS j[e e
a
µ(t
jµ
+ T jµ)] . (13)
As mentioned above the tensors tλµ and Tλµ are gravitational momentum-energy tensor and matter momentum-energy
tensor, respectively. Thus the total energy-momentum vector is
Pa = −
∫
V
d3 x ∂ jΠ
aj
= −
∮
S
dS jΠ
aj , (14)
with
Π
aj
= − 4 κ eΣa0 j . (15)
This equation represents the total energy-momentum vector becauseΠaµ is related to taµ and Taµ by the field equations.
It is interesting to notice that the above expression do represent the gravitational energy-momentum for vanishing
matter fields. We also point out that the expression (14) is invariant under coordinates transformations, but it is a
vector under Lorentz transformation. Both features are mandatory rather than only desirable for any definition of
energy-momentum vector. They are present in Special Relativity and there is no reason to abandoning them once
dealing with a gravitational theory.
III. QUANTUM COSMOLOGY IN TELEPARALLEL GRAVITY
Since 1925 the quantization procedures have long been known in the literature [18, 24–26]. In the 1920s another
method of quantization was presented by Hermann Weyl [28]. From the mathematical point of view, such a procedure
establishes a clear correspondence between classical functions and quantum operators. The Weyl quantization formal-
ism will be used here in quantum cosmology. However before that let’s briefly recall the most recognizable method in
Quantum Mechanics.
4A. Canonical quantization
Canonical quantization is represented by a correspondence between the classical observables, which are real values
of functions f (p, q) (with (p, q) = (pi, qi) ∈ ℜn × ℜn) in phase space to self-adjoint operators Q f in the Hilbert
space L2(ℜn). By the theorem of Stone and von Neumann [25, 27] the operators H[ f (q j)]ψ ≡ qˆiψ = q jψ and
H[ f (p j)]ψ ≡ pˆiψ = − i h2π
∂ψ
∂q j
are the only ones acting in Hilbert space that satisfies the irreducibility condition and
the commutation relationships [Qp j , Qpk ] = [Qq j , Qqk ] = 0 and [Qpk , Qp j ] =
ih
2πδ jkI. A canonically classic system is
composed by momentum and position coordinates, qi and pi respectively, with i = 1, 2, . . . , n where n is the number
of degrees of freedom. The quantum states of system is evolved by Schro¨dinger equation i ~
∂Ψ(t)
∂t = HˆΨ(t).
B. Weyl quantization
Contrary to canonical quantization which requires the functions to be defined in the phase space, the Weyl’s
quantization allows the quantization of functions in curved spaces. In fact the method require at least two independent
parameters and it is invertible and univocal. However it doesn’t defines the quantum equation that the operators
should obey. It is maps a function f of a classical system of n variables denoted by zi into quantum operators W[ f (zi)].
Thus Weyl’s map W : f → W[ f (zi)] is [18]
W [ f (zi)] :=
1
(2π)n
∫
dnk dnz f (zi) exp
(
i kl (zl − zˆl)
)
. (16)
The space formed by W[zi] ≡ zˆi, with i = 1, 2, . . . , n where n is the number of degrees of freedom, is non-commutative.
In others words, it exchanges local coordinates zi by hermitian operators zˆi obeying the following commutation relation
[zˆi, zˆ j] = iαi j , (17)
where αi j is a anti-symmetric quantity.
As an example this method, let’s consider the function f (q p) = qp, in this specific case, we have [qˆ, pˆ] = i ~. If we
apply equation (16) then f (q, p)→ W[ f (q, p)] turns out
W [ f (q, p)] :=
1
(2π ~)2
∫
dk dη f (q, p) exp
{
i
~
[
k (q − qˆ) + η (p − pˆ) ] } .
Using the Baker-Campbell-Hausdorff formula [29] it yields
W [ f (q, p)] =
1
(2π ~)2
∫
dk dη dq dp qp exp
[
i
~
k (q − qˆ)
]
exp
[
i
~
η (p − pˆ)
]
exp (− kη/2) .
The last equation, after simplification, becomes
W [ f (q, p)] =
1
(2π ~)2
∫
dk dη qp
{
1
(2π ~)
∫
dk exp
[
i
~
k (q − qˆ − ~/iη)
] }
exp
(
i
~
η (p − pˆ)
)
.
Identifying delta function and using the property
∫
f (x) δ(x − a) dx = f (a), we obtain
W [ f (q, p)] =
1
(2π ~)
∫
dq dp dη qp δ (q− qˆ − ~η/2 i) exp
[
i
~
η (p − pˆ)
]
=
1
(2π ~)
∫
dp dη qˆp exp
[
i
~
η (p − pˆ)
]
+ (~/2 i)
1
(2π ~)
dp dη η p exp
[
i
~
η (p − pˆ)
]
= qˆ
∫
dp p δ (p− pˆ) + 1
(2π ~)
∫
dp dη (~/2 i) η p exp
[
i
~
η (p − pˆ)
]
.
Using the property
∫
f (x)
dδ(x−a)
d x dx = − f ′(a), and identifying the delta function again, it yields
W [ f (q, p)] =
1
2
(qˆ pˆ + pˆ qˆ) ,
as expected.
5C. Quantum cosmology
In order to construct a quantum cosmology we will calculate the energy of FLRW metric in (1) and, using the
teleparallel expression (15), we’ll quantize it by means the Weyl’s method. The tetrad adapted to a stationary
reference frame that yields the FLRW metric is given by
ea µ =

1 0 0 0
0 a√
1−kr2 sinθ cosφ a r cosθ cosφ − a r sinθ sinφ
0 a√
1−kr2 sinθ sinφ a r cosθ sinφ a r sinθ cosφ
0 a√
1−kr2 cosθ −a rsinφ 0

. (18)
The relevant component of Σabc to calculate the energy is [20]
Σ
001
=
1
4
(2g11 T001) − 1
2
g11 (T001 + g
22 T212 + g
33 T313) , (19)
where we used the relation Tβ = Tα α
β
= gαλgβγTλαγ. Then after some algebraic manipulations we arrive at
Σ
001
=
√
1 − k r2 − (1 − k r2)
a2 r
. (20)
The total energy density of the Universe is
Π
(0)1
= 4 κ a r sinθ
(√
1 − k r2 − 1
)
(21)
where κ ≡ 1
16π , k spatial curvature and a = a(t) is the scale factor.
Let’s firstly quantize the energy density, thus Π(0)1 = ǫ(r, τ) = A r τ
(√
1 − k r2 − 1
)
where A = 4 aκ and τ = sinθ.
Then the Weyl procedure yields Hˆ = W[ǫ(r, τ)], it reads
Hˆ =
[
A
2
(rˆ τˆ − τˆ rˆ)
] (
− k rˆ2 + 1
) 1
2 −
[
A
2
(rˆ τˆ − τˆ rˆ)
]
. (22)
If we use rˆ = r and τˆ = −iα ∂∂r , then [rˆ, τˆ] = iα. This implies that the Hamiltonian density can be expanded in terms
of the non-commutative parameter α which is supposed to be very small. As a consequence we overcome the problem
of dealing with a squared operator. Hence
Hˆ = 3 aκ k iα r2 + 2 aκ k r3 iα ∂
∂r
. (23)
We assume that the dynamics is given by a Schro¨dinger like equation HˆΨ = i~ ∂Ψ∂t , therefore
3 aκ kα r2Ψ+ 2 aκ k r3 α
∂Ψ
∂r
= ~
∂Ψ
∂t
. (24)
It should be noted that in the above equation the scale factor acts as a parameter. It is possible to solve the spatial
equation which reads
3 κ kα r2 ψ + 2 κ k r3 α
∂ψ
∂r
= ξψ ,
but the temporal part,
~
∂φ
∂t
= a ξφ ,
requires an explicit form of the scale factor. Here ξ is the constant of separation of variables Ψ(r, t) = ψ(r)φ(t).
Possibly the use of an altered temporal scale can solve the problem. Another attempt would be using a semi-classical
approach in which the scale factor comes up from the Einstein equation.
6The next possibility is to quantize the energy P(0) = E itself. Integrating the energy density over a spherical 3D
surface with radius r0 we get
E = − lim
r→r0
8πκ a r
[√
1 − k r2 − 1
]
. (25)
It should be noted that r0 is arbitrary. It specifies the region where we want to calculate the energy. Thus we can
choose it to be the radius of the dynamical horizon of FLRW metric, r0 =
1√
H2 + k
a2
with H = a˙a . In this way E will
represent the energy of the observable Universe. In order to obtain an expression that describes the beginning of the
Universe, we expand the energy as
E (a, a˙) ≈ 2 a k
√
k − 2 a2 k
√
k − a3 k
√
k + 1
2
a4 (a˙)2
√
k + a6 k
√
k
2 k2
. (26)
Using the Weyl’s method the Hamiltonian Hˆ = W [E] reads
2 k2 Hˆ ≈ 2 aˆ k
√
k − 2 aˆ2 k
√
k − aˆ3 k
√
k +
1
2
aˆ4
√
k ( ˆ˙a)2 + aˆ6 k
√
k − 3ω2 aˆ2
√
k − i 2ω aˆ
√
k ˆ˙a , (27)
where [aˆ, ˆ˙a] = iω with aˆ = a, ˆ˙a = − iω ∂∂a . Therefore following the Wheeler-DeWitt prescription HΨ = 0 we get(
2 a k
√
k − 2 a2 k
√
k − a3 k
√
k − 1
2
ω2 a4
√
k
∂2
∂a2
+ a6 k
√
k − 3ω2 a2
√
k − 2ω2 a
√
k
∂
∂a
)
Ψ = 0 . (28)
Such an equation has the same dependence of the WDW equation and has a regime of validity for a small Universe.
IV. CONCLUSION
In this article we have derived two quantum equations for cosmology. One of them was obtained by quantizing the
energy density and the another one quantizing the energy itself. The quantization of energy leads to a Wheeler-DeWitt
like equation, which is valid for a small Universe. However a similar equation should hold for the Universe’s present
time since the non-commutative parameter should be very small. Since the publication of the RG the vision about the
world has changed. With the coming of Friedman [2], Lemaˆıtre [3], Robertson [4, 5], Walker [6] and Hubble [1] the
cosmological knowledge was raised to a very high plateau. With the coming of Quantum Physics the picture of the
Universe is almost complete. What was missing? A union between GR and Quantum Physics. However we believe
that GR is not suitable theory to achieve such an aim, since it is not enough to deal with the problem of gravitational
energy. On the other hand in the framework of teleparallel gravity it is possible to obtain a well defined expression
for energy. Using the Weyl quantization, which is a procedure with a natural correspondence between the classical
and quantum operators, the quantum gravity is established [18] and here applied to an Universe governed by the
cosmological principle.
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